We present a calculation of the hindered M1 Υ(2S) → η b (1S)γ decay rate using lattice nonrelativistic QCD. The calculation includes spin-dependent relativistic corrections to the NRQCD action through O(v 6 ) in the quark's relative velocity, relativistic corrections to the leading order current which mediates the transition through the quark's magnetic moment, radiative corrections to the leading spin-magnetic coupling and for the first time a full error budget. We also use gluon field ensembles at multiple lattice spacing values, all of which include u, d, s and c quark vacuum polarisation. Our result for the branching fraction is B(Υ(2S) → η b (1S)γ) = 5.4(1.8) × 10 −4 , which agrees with the current experimental value.
I. INTRODUCTION
Quantum Chromodynamics (QCD) has been accepted as the theory describing the strong force of nature ever since the discovery of the J/ψ. Since then, there has been a long history of using the spectrum and decays of heavy quarkonia in order to understand QCD, heavy quarkonia being the ideal theoretical testing grounds when using potential models, and more recently, lattice QCD. Heavy quarkonium states below threshold are very narrow, and electromagnetic transition rates are therefore significant. Comparing the theoretical and experimental rates for these decays then provides a very clear test of our understanding of the internal structure of heavy quarkonia.
A certain class of electromagnetic transitions between quarkonium states, known as hindered M1 transitions, require a spin-flip between different radial excitations and are particularly sensitive to small relativistic effects [1] which can illuminate the dynamics of the initial and final state systems. These hindered M1 transitions still remain a challenge from both the experimental and theoretical perspective. Within the bottomonium sector, such decays include the Υ(2S) → η b (1S)γ radiative transition, where BaBar measured B(Υ(2S) → η b (1S)γ) = 3.9(1.5) × 10 −4 [2] in 2009.
On the theory side, hindered M1 decays have been nortoriously difficult to pin down from within a potential model framework [1] , where systematic errors are hard to quantify and branching fractions ranging from 0.05×10 −4 to 15 × 10 −4 are found. The reasons for the difficulty in accurately predicting these decays from within a potential model will be discussed in Section VI. The continuum a ch558@cam.ac.uk b http://www.physics.gla.ac.uk/HPQCD effective field theory approach called potential NRQCD (pNRQCD) has been used to predict radiative bottomonium decays, including M1 transitions. While these calculations have become quite precise for the allowed 1S → 1S M1 transitions, the results for hindered M1 transitions are dominated by theoretical uncertainties and presently can only give an order-of-magnitude estimate [3, 4] .
Lattice NRQCD is a first principles tool that has been systematically improved by the HPQCD collaboration and can aid in reliably pinning down this difficult to predict decay. Using this formalism, one can accurately overcome each of the issues arising from within a potential model framework. Previous exploratory work on this decay in a lattice NRQCD framework was done in [5, 6] . We make a number of improvements to those studies so that an accurate calculation can be done, complete with a full error budget. Some of these improvements include using one-loop radiative corrections in the NRQCD action and we show in Section V that these decays are very sensitive to a subset of these radiative corrections.
This paper is organised as follows. In Section II we set up notation and formulae relevant to this decay, and in Section III we give details of the computational setup including a discussion of states in NRQCD at non-zero momentum. In Section IV the different currents mediating this transition in NRQCD are shown and the perturbative calculation of the matching coefficient from the leading order current to full QCD is performed. Finally, analysis of the Υ(2S) → η b (1S)γ decay rate with a full error budget is given in Section V. We conclude with a discussion in Section VI.
II. DECAY RATES FOR RADIATIVE TRANSITIONS
BaBar has measured the branching fraction of the Υ(2S) → η b (1S)γ decay as 3.9(1.5) × 10 −4 [2] , which
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when combined with the Υ(2S) total width 31.98 ± 2.63 keV [7] , gives the decay rate 1.25(49) × 10 −2 keV. The large errors on the branching fraction are due to the difficulty in isolating the small η b (1S) signal from other nearby photon lines (χ bJ (2P, 1P ) → Υ(1S)γ, Υ(3S, 2S) → Υ(1S)γ) and from the large background in the energy spectrum of inclusive decays [8] .
We want to perform an accurate and reliable theoretical calculation to compare to this experimental result. Computation of the theoretical decay rate requires the matrix element of the appropriate operator between the Υ(2S) and η b (1S) states as input. In a Lorentz invariant theory, using the fact that the matrix element transforms as a vector under parity (and parity invariance of our theory), the only possible decomposition of the matrix element is
where q is the photon momentum, (p, λ) σ is the polarisation vector of the Υ (nS) and p = k +q by momentum conservation. Using time reversal invariance, one can show that V Υη b nm (q 2 ) is real [9] . As the Υ(2S) is abb bound state, this M1 (spin-flip) transition can occur by flipping the spin on either the quark or the antiquark. Since this is a symmetric process, the form factor resulting from coupling the current to the quark or to the anti-quark is then identical. In our lattice calculation we only couple the current to the quark (c.f. Sec. IV) and actually compute V 
where α QED is the fine structure constant, e q is the quark charge in units of e (i.e., −1/3 for b-quarks) and |q| = (m 2 Υ(2S) − m 2 η b (1S) )/2m Υ(2S) by energy conservation, ensuring that the photon is on-shell with q 2 = 0. Thus, from the theoretical perspective, the most challenging part of calculating the decay rate from first principles is computing the single unknown dimensionless hadronic form factor V Υη b 21 (q 2 = 0), which encodes the nonperturbative effects of QCD. This quantity can be calculated in lattice QCD, and this study will focus on the computation of V Υη b 21 (q 2 = 0)| lat . Using the experimental value of the decay rate mentioned above, as well as |q| = 609(5) MeV measured from experiment [2] and α QED = 1/137, we infer V Υη b 21 (q 2 = 0)| exp = 0.069 (14) .
This form factor can be directly compared to V Υη b 21 (q 2 = 0)| lat . From now on, we will drop the | lat subscript to avoid superfluous notation.
III. COMPUTATIONAL DETAILS
A. Second Generation N f = 2 + 1 + 1 Gluon Ensembles
Our calculation uses gauge field configurations generated by the MILC collaboration [10] . For the gauge fields, they used the tadpole-improved Lüscher-Weisz gauge action, fully improved to O(α s a 2 ). This is possible as the gluon action has coefficients corrected perturbatively through O(α s ), including pieces proportional to the number of quark flavours in the sea [11] . These ensembles are said to have 2 + 1 + 1 flavours in the sea, the up and down quarks (treated as two degenerate light quarks with mass m l ), the strange quark, and the charm quark. The sea quarks are included using the HISQ formulation of fermions [12] , fully improved to O(α s a 2 ), removing one-loop taste-changing processes and possessing smaller discretisation errors compared to the previous staggered actions.
Five ensembles were chosen, spanning three lattice spacing and three values of m l /m s , so that any dependence on the lattice spacing and sea quark mass could be fit and extrapolated to the physical limit. Details are given in Table I . Due to the computational expense, most of the ensembles use heavier m l than in the real world; however one of the ensembles used in this study (set 4 in Table I ) has physical am l /am s , enabling our calculations to be performed at the physical point and reducing uncertainties associated with unphysically heavy sea quark masses.
Successive configurations generated within each ensemble are expected to be correlated. These autocorrelations in meson correlators were studied in [13] for the ensembles in Table I . There we find that the autocorrelations for bottomonium correlators are not appreciable and that the configurations can be treated as statistically independent. The ensembles have been fixed to Coulomb gauge to allow non-gauge invariant smearings to be used, helping extract precise results for the excited states in our calculation (c.f. Sec. III D).
B. b-quarks Using NRQCD
This study focuses purely on bottomonium processes, and information on these processes can be computed on the lattice using combinations of b-quark propagators, calculated on the gluon ensembles listed in Table I . As the b-quark has a Compton wavelength of about 0.04 fm, these lattices cannot resolve relativistic b-quark formulations, owing to a > 0.08 fm. However, it is well known that b-quarks are very nonrelativistic inside their bound states (v 2 ≈ 0.1), and thus, using a nonrelativistic effective field theory (NRQCD) for bottomonium states is very appropriate. Within NRQCD, with expansion parameter v (the velocity of the quark inside the bound state), one writes down a tower of operators to a certain I: Details of the gauge ensembles used in this study. β is the gauge coupling. aΥ is the lattice spacing determined from the Υ(2S − 1S) splitting [13] , where the error combines statistics, experiment and the dominant NRQCD systematic error. amq are the sea quark masses, Ns×NT gives the spatial and temporal extent of the lattices in lattice units and n cfg is the number of configurations in each ensemble. We use 16 time sources on each configuration to increase statistics. Ensemble 1 is referred to as "very coarse", 2, 3, and 4 as "coarse," and 5 as "fine". order in v allowing for a systematic inclusion of everdecreasing relativistic corrections. This effective field theory is then discretised as lattice NRQCD [14] . There are a number of systematic improvements which need to be made in order to produce highly accurate results. These will be addressed shortly. We use a lattice NRQCD action correct through O(v 4 ), with additional spin-dependent O(v 6 ) terms 1 and include discretisation corrections. This lattice formalism has already been used successfully to study bottomonium S, P and D wave mass splittings [13, 15] , precise hyperfine splittings [16, 17] , B meson decay constants [18] , Υ and Υ leptonic widths [19] and B, D meson mass splittings [17] . The Hamiltonian evolution equations can be written as
with
1 The quantities relevant to this study are insensitive to the spinindependent O(v 6 ) terms within our precision.
The parameter n is used to prevent instabilities at large momentum due to the kinetic energy operator. A value of n = 4 is chosen for all am b values. A smearing function φ(x) is used to improve projection onto a particular state in the lattice data. Using an array of smearing functions to improve the overlap with the ground state and the first excited state will prove crucial to obtaining accurate results for the Υ(2S) → η b (1S)γ decay. To evaluate the propagator, we use random wall sources that are implemented stochastically with U (1) white noise, significantly improving the precision of the S-wave states [13] .
Here, am b is the bare b quark mass, ∇ is the symmetric lattice derivative, with∇ the improved version, and ∆ (2) , ∆ (4) are the lattice discretisations of
respectively.Ẽ,B are the improved chromoelectric and chromomagnetic fields, details of which can be found in [13] . Each of these fields, as well as the covariant derivatives, must be tadpole-improved using the same improvement procedure as in the perturbative calculation of the matching coefficients [13, 20] (thus removing unphysical tadpole diagrams from using the Lie group element rather than the Lie algebra element in the construction of the lattice field theory). We take the mean trace of the gluon field in Landau gauge, u 0L = 1 3 Tr U µ (x) , as the tadpole parameter, calculated in [13, 18] .
The matching coefficients c i in the above Hamiltonian take into account the high-energy UV modes from QCD processes that are not present in NRQCD. Each c i can be expanded perturbatively as c i = 1 + c
and, after tadpole improvement, we expect the radiative corrections c
can then be fixed by matching a particular lattice NRQCD formalism 2 to full continuum QCD. These corrections have previously been computed [13, 20] . Alternatively, particular c i 's can be tuned nonperturbatively, which we discuss in Section V B 9.
2 Changing the NRQCD action can modify the Feynman rules used in the computation of c A high-precision calculation with a reliable error budget will require knowledge of at least the O(α s ) corrections to the matching coefficients. For example, when tuning the quark mass am b fully nonperturbatively in NRQCD, one computes the kinetic mass of a hadron 3 [13] . This kinetic mass depends on the internal kinematics of the hadron, and hence on the terms c 1 , c 5 , and c 6 in the Hamiltonian. Using the one-loop corrected coefficients to these terms has a small but visible effect on the kinetic masses and hence on the value of the tuned am b [13] .
In addition to this, for an O(v 4 ) NRQCD action with c 4 = 1, the kinetic mass for the η b is actually found to be larger than that of the Υ [13] , opposite to what is seen at zero momentum and, more importantly, in experiment. The explanation is that the σ · B term gives rise to the hyperfine splitting, and the splitting from this term is correctly included in the static mass (the mass at zero energy, offset due to removing the mass term from the Lagrangian). However, relativistic corrections to σ · B (the term proportional to c 7 in the Hamiltonian above) are needed to correctly feed this splitting into the kinetic mass. On a fine lattice, a value of c 4 = 1.18 and c 7 = 1.25 was needed to yield a hyperfine splitting using kinetic masses which agreed with experiment within errors [16] . In order to remove the sensitivity to the σ · B term when tuning am b , one does not use the kinetic mass of a single state, but the spin-averaged kinetic mass of the Υ and η b [13, 21] . Including aδH v 6 terms in the evolution equations makes the η b kinetic mass lower than that of the Υ, as they include relativistic corrections to the σ · B term. The spin-averaged kinetic mass gets smaller and the bare quark mass gets larger [16] .
The parameters used in this study are summarised in Table II . There, c 1 , c 5 and c 6 are the correct values for a v 4 NRQCD action [13] , but the small changes to these coefficients in going to a v 6 NRQCD action have a negligible effect on the quantities studied here, as shown in Figure 7 . While the am b values from ensembles 1, 2 and 5 listed in Table II have all been tuned against the spinaveraged kinetic mass using the Hamiltonian above [16] , the am b values from ensembles 3 and 4 were previously tuned without the aδH v 6 terms [18] . Ensembles 2, 3 and 4 are all coarse lattices and only differ by having different light quark masses in the sea. Ensemble 2 has a correctly tuned am b = 2.73 for the Hamiltonian we use, corresponding to m b = 4.418 GeV. It is appropriate to tune the am b values on the other coarse lattices to match this physical value. Using the lattice spacings listed in Table I , we find the am b values on ensemble 3 and 4 listed in Table II . All these ensembles have essentially the same value of the lattice spacing, so the running of TABLE II: Parameters used for the valence quarks. am b is the bare b-quark mass in lattice units, u0L is the tadpole parameter. The ci are coefficients of terms in the NRQCD Hamiltonian (see Eq. 6). Details of their calculation can be found in [13, 20] . c3, c7, c8 and c9 are included at tree-level. We also list the values of αs used to determine the one-loop corrections in the perturbative matching in Sec. IV A and for the error budget in Sec. V D.
Set am b u0L c1, c6 c2 c4 c5 αs(π/a) Note the iγ 5 is needed to make the overlaps real [9] . The second column gives the J P C states that these operators create at rest in an infinite volume continuum. The third column gives the helicity eigenvalues λ that these operators create at nonzero momentum in an infinite volume continuum which is only rotationally invariant, while the J in brackets are the states which contribute to that helicity (c.f. Section III E).
the bare mass is a negligible effect. This was observed with a O(v 4 ) Hamiltonian [13] . Within NRQCD, the Dirac field Ψ can be written in terms of the quark ψ and anti-quark χ as Ψ = (ψ, χ) T . The propagator is then found to be
where G ψ (x|y) is the two-spinor component quark propagator and G χ (x|y) is the two-spinor component antiquark propagator. γ 5 hermicity becomes G ψ (x|y) = −G † χ (y|x). As such, we write our interpolating operators as in Table III and then use the above decomposition, with suitable boundary conditions, to write the correlator in terms of G ψ (x|y).
C. Non-Integer Momentum on the Lattice
Using periodic boundary conditions (PBC) for the quark fields forces the momentum components to be
where n i is an integer. The issue with this is that processes which occur at a specific momentum, such as that needed for an on-shell photon in the form factor V Υη b 21 (q 2 = 0), cannot be reached at an integer-valued momentum. Here, we use "twisted boundary conditions" (θBC) [22, 23] in order to find the matrix element at the physical q 2 = 0 point. There are some subtleties with using θBC in our calculation that, to our knowledge, are not found in the literature, and we give an explicit example of the construction of our twisted correlators in Appendix B. As seen there, and confirmed by numerical data, the twisted and untwisted correlator data should agree (if the same momentum is used) on a configuration level if everything is done correctly.
In our calculations, we choose p i = p f = q = 0 and only twist a single propagator so that p θ f = −q θ = θ. The choice of isotropic twist momentum θ = χ 0 (1, 1, 1)× 2π/L that gives q 2 = 0 depends on the specific process under study and for the Υ(2S) → η b (1S)γ decay χ 0 is found from (2) as:
yielding |q θ | 2 = |θ| 2 . We choose an isotropic momentum as it has been shown to reduce discretisation errors from rotational symmetry breaking [13] . Since static masses obtained from correlators at rest are shifted by an arbitrary value in NRQCD, tuning χ 0 from lattice data would require a more lengthy computation of the kinetic masses. Instead, we use the experimental values of these masses [7] to tune χ 0 and check that q 2 = 0 from the results.
D. Energies and Amplitudes from Lattice QCD
Extracting matrix elements on the lattice requires knowledge of the lattice amplitudes and energies corresponding to the states being studied. The lattice quantity which most naturally encodes information on these is the two-point correlator
Here, t 0 is the source time, n src , n snk are the smearing type (discussed below) and p θ is the twisted momentum. After performing the Wick contractions with the bilinear operators listed in Table III , the connected 4 correlator
4 Disconnected diagrams for heavy quarkonia are expected to be negligible as they are suppressed by the heavy quark mass [9] .
has the form
whereS θ is the twisted propagator (c.f. Appendix B). We use smearing functions φ src (r), φ snk (r) on the anti-quark field at the source and sink respectively. We employ hydrogen-like wavefunctions which have been successful in previous studies of b-physics: φ(r) = δ r,0 , exp(−r/r 0 ), (2r 0 − r) exp(−r/2r 0 ). r 0 is the smearing radius, and we point the reader to [13] for further details on the smearings 5 . The different smearing combinations used in this study give a 3 × 3 matrix of correlators. We do not smear the quark fields due to complications on using twistedsmeared fields as outlined in Appendix B.
The two-point correlator in (8) can be spectrally decomposed as
where E k is the (k − 1) th energy excitation of the interpolating operator O(x) used in the construction of the correlator and a(n src /n snk , k) are the corresponding amplitudes, labelled by the smearing used at the source or sink. We are only interested in the first few excited states, so we do not need to worry about multiparticle states or the open b-threshold. Our two-point correlators are propagated for a maximum of t/a = 15 timeslices, as after this the locally smeared correlator on a fine lattice is largely saturated by the ground state. In addition, correlators were calculated with 16 different time sources on each configuration in order to increase statistics. To avoid complications due to correlations between these time sources, correlators were then averaged over all sources on the same configuration.
We fit the 3 × 3 matrix of correlators from t/a = 1 − 15 using a simultaneous multi-exponential Bayesian fit [24, 25] to the spectral decomposition in (9) . Different smearings give rise to different amplitudes and so we take priors on them to be 0.1(1.5). The priors on the ground state energies are estimated from previous results and given a suitably wide width [13] . For the zero momentum case, prior information tells us that the energy splittings E n+1 −E n are of the order 500(250) MeV, while for the nonzero momentum case, priors of 480(250) MeV are used (due to the inclusion of additional states in the correlator, see Sec. III E). Logarithms of the energy splittings are taken in the fit to ensure that the ordering of states is preserved, helping the stability of the fit [25] . across multiple momenta. Statistical errors only. At nonzero momentum, the energy of the first excited state is lower than the energy of the first excited state at zero-momentum. This is a consequence of new states being present in the correlator data at nonzero momentum, as described in Section III E. Thus, care must be taken not to misidentify states. aE exp. represents the energy of the states according to a nonrelativistic, rotational dispersion relation reconstructed using the experimental masses details of which can be found in the text.
E. Energy Eigenstates in Lattice NRQCD
Theoretically, particle states living in the Hilbert space are classified in terms of invariant quantities within irreducible representations (irreps) of the symmetry group of a theory. For our calculation, two groups need to be considered: the Lorentz group and the continuous rotational group in three dimensions. Appendix A reviews the construction of the irreps of both these groups at zero and nonzero momentum.
As is well known, the irreps of the Lorentz group at rest are described by |p 2 = m 2 ; J P C , M , where J, M are the total and third component of angular momentum respectively. P is the parity quantum number and for quarkonia C is the charge conjugation. The quantum numbers J P C classify all particles seen in experiment to date [7] .
However, the symmetry group of NRQCD is only the rotational group. At zero momentum, the states within such a theory are also described by |p = 0; J P C , M . At nonzero momentum, the situation is significantly different, and the irreps are described by |p = 0; λ , where λ is an eigenvalue of the helicity operatorλ =p·Ĵ/E. This has important consequences for the energy spectrum extracted from our lattice calculation (compare the zero and nonzero momentum lattice spectrum seen in Figures  1, 2 ) and therefore needs to be fully understood in order to have a reliable computation. At rest the bilinear operators that we use in our calculation, listed in Table III with Γ = iγ 5 , γ i , overlap onto definite J P C = 0 −+ , 1 −− energy eigenstates respectively in the infinite volume continuum version of our theory (which is rotationally invariant) [26] . In Appendix A (as in [26] ) it is shown that at nonzero momentum, O Table III . The ± superscript on the λ = 0 represents the eigenvaluẽ η ≡ P (−1)
J from theΠ symmetry (a parity transformation followed by a rotation to bring the momentum direction back to the original direction) [26] .
In the correlator data from using O γ 5 (p = 0), guided by the experimental masses and this analysis, the lowest states in the spectrum should be
These are the J P states which we see in our lattice spectrum at nonzero momentum.
The first three states extracted from the spectrum with the operator O On the same plot, the solid lines represent the energy of the states according to a nonrelativistic, rotational dispersion relation reconstructed using the experimental masses, e.g., aE(|p|) = am sim + |p| 2 /2am kin , where m kin is the kinetic mass which we set equal to the experimental mass, and m sim is the static mass offset due to neglecting the mass term in the NRQCD Hamiltonian. We find am sim in the correlator data from the O γ 5 operator by taking the ground state lattice energy at zero momentum and finding the shift in the static mass as the difference a∆ = am exp.
. We then use this value of the shift to find am exp,sim
J P C − a∆, to be used in the above dispersion relation. We found the shift in the O γ i correlator data in the same way.
The important point to observe in these figures is that at nonzero momentum the energy of the first excited state is actually lower than the energy of the first excited state at zero-momentum, opposite to what one would expect from a dispersion relation. The reason is clear: at nonzero momentum energy eigenstates have definite helicity, not definite J P . Therefore our correlator data gets contributions from the J P states listed in Table III . We conclude that, as Figures 1 and 2 show, one has to be careful in equating the states found in NRQCD at nonzero momentum with continuum J P C quantum numbers and also in extracting matrix elements involving a state inflight. However, here we only extract excited states at zero-momentum in order to avoid unnecesssary complications and to obtain high-precision results, which can be muddled when extracting excited states in flight due to the addition of extra states in the spectrum and their small overlap factors as described in Appendix A. After our analysis, we can then be sure that we have extracted the correct matrix element for the Υ(2S) → η b (1S)γ decay.
F. Matrix Elements from Lattice QCD
The simplest quantity which encodes information on a meson-to-meson decay matrix element from within lattice QCD is the three-point correlator
where O m i , O f are interpolating operators which create the initial state with polarisation m and final state respectively, J n (q θ ; y, t) = ψ † Γ n (q θ ; y, t)ψ is the current which induces the transition with n labelling the polarisation of the photon, and the twisted momenta are described in Sec. III C. The three-point correlator is visualised as in Figure 3 where the three points in lattice units correspond to: the source point of the initial particle at time t 0 (equal to zero in (10)); the position and time of the current causing the transition at (y, t); and the position and time of the final state at (x, T ). After performing Wick contractions on the three-point correlator the connected contribution, written in terms of NRQCD propagators as discussed in Section III B, is
where the twisted propagatorG θ (x|y) is defined in Appendix B. Direct computation of the propagator G(x|y)
is unnecessarily expensive as we can use the sequential source technique (SST) [9, 27] to yield the desired prop-agator, which only requires one further evolution. There are two ways to package the G(x|y) propagator in the three-point correlator when using the SST. The first is called the fixed current method, which requires the insertion time t to be fixed and for propagator 2 in Figure  3 to be used as a source for propagator θ. However, this method does not scale well and is undesirably expensive for relativistic quark formalisms.
The second approach is called the fixed sink method. In this approach, one fixes the sink time T and factorises (11) as (12) with
where we have written H(y|0) in terms of the twisted propagator that satisfies periodic boundary conditions and used the fact that Γ f commutes with the exponential as described in Appendix B. We have also used the NRQCD γ 5 -hermicity conditions from Sec. III B, and used G †
We can obtain H θ (y|0) by using the twisted evolution equations with the source e ix·p Γ † f G ψ (x|0). Clearly, the two methods should give the same correlator data as they only differ in how G(x|y) is packaged. We have checked this numerically and found it to be true on any given configuration up to machine precision. As the fixed sink method is more cost effective, this method was used for the calculation. Our program structure can be visualised in Figure 3 . Propagator 1 is generated with a smeared, random wall source at time t 0 and propagated to time T where the sink smearing is applied. H θ (y|0) is found by using the source e ix·p Γ † f G 1 ψ (x|0) and evolving backwards in time using the twisted configurations to a time 0 ≤ t ≤ T . Propagator 2 is made from the same random wall as 1. We then combine propagator 2, H θ (y|0) and the current as in (12) to obtain the threepoint correlator. We use the same 16 time sources as in the two-point correlator and prior to fitting, all data is translated to a common t 0 = 0.
The three-point correlator (10) can be related to matrix elements of the current by inserting a complete set of states [9] . By doing so, and using the rotational parameterisation of the overlaps as described in Appendix A, C mn 3pt is seen to be anti-symmetric. We average over the six nonzero contributions using an isotropic momentum as
Setup for the three-point correlator calculation as described in Sec. III F. Propagator 1 is the anti-quark and ξ(x) is the random noise source as described in the text.
In addition, inserting the complete set of states also leads to the functional form of the fitting function
where a(n snk , i) and b(n src , f ) are amplitudes from the two-point fitting function in (9) . The two-point and three-point correlators can be simultaneously fit to (9) and (14) respectively using multi-exponential chained [28] , marginalised [29] Bayesian fitting. Chained, marginalised fitting has been shown to significantly decrease the fitting time and produce reliable, precise and accurate results if the data is in the limit of high statistics (Gaussianly distributed) [30] . We check that results are compatible from both with and without chained, marginalised fits on a subset of the data. We use a prior of 0.1(0.2) for all V fit if and the same priors for the amplitudes and energies as in the two-point fits described in Sec. III D. For each current, we obtain data for fixed T = 9, 12, 15 and the same 3 × 3 matrix of smearings as in the two-point correlators. This allows accurate extractions of the matrix element as it includes excited state contributions.
The use of a singular value decomposition stabilises the fit and is standard practice in the literature [28] . In our Bayesian fit, this is performed by setting a tolerance and replacing all eigenvalues of the correlation matrix smaller than this tolerance times the maximum eigenvalue to this value [28] . By doing so, this leads to larger errors in the fit results and so is a conservative step. We use a tolerance of 10 −4 .
The matrix element for the Υ(2S) → η b (1S)γ decay will be proportional to V Υη b 21 . By equating the fitting functions to their continuum correlator counterparts with conventional relativistic normalisation, parameterising our overlaps using rotational invariance with the initial particle at rest, we find
where θ is the twisted momentum described in Sec. III C. Since the static masses obtained from an NRQCD calculation are shifted, as explained previously, we extract V
using the same experimental masses as in Sec. II. A nonrelativistic dispersion relation was used to find E η b (1S) , which is appropriate as shown in Figure 1 .
IV. M1 RADIATIVE DECAY CURRENTS
In order to compute the form factor V Υη b nm (q 2 ), we need to choose currents which will induce a hindered M1 radiative decay. Within a nonrelativistic framework, it is a standard result in the literature [31] [32] [33] that the leading order contribution to the matrix element is suppressed due to the orthogonality of the radial wavefunctions and relativistic corrections are necessary. This suppression introduces a sensitivity to a range of effects that we must test and quantify in order to perform an accurate calculation. The first of these effects is the fact that next-toleading order current contributions are appreciable and we need to include them.
As we are using NRQCD to simulate the b-quark, choosing the currents from a NRQCD and nonrelativistic quantum electrodynamics (NRQED) effective field theory is most appropriate. This effective field theory can be found straightforwardly by extending the SU (3) Lie algebra of NRQCD to a SU (3) × U (1) Lie algebra to produce NRQCD + NRQED [3] . Then, in principle, one could discretise the SU (3) × U (1) theory and choose appropriate currents from the resulting operators. However, this introduces complications, e.g. the U (1) magnetic field only decouples from the SU (3) chromomagnetic field to leading order in the lattice spacing, resulting in lattice artefact currents which are not present in the continuum. Calculating such currents would require more computational resources and make the computation of the matching coefficients more difficult.
Instead, we are free to choose the currents from the continuum NRQCD + NRQED theory and renormalise these. It is important to understand the power counting in the NRQCD + NRQED effective field theory in order to choose our currents appropriately. Given that NRQCD + NRQED is a SU (3) × U (1) effective field theory, it has two expansion parameters. For NRQCD, we have the standard expansion parameter v, where v 2 ∼ 0.1 for bottomonium. The only scale available for the onshell emitted photon is the photon's energy | q γ | ∼ 0.6 GeV. Since the photon's energy is the difference between the masses of two heavy S-wave quarkonia, it is of the order | q γ | ∼ mv 2 ∼ 0.4 GeV. Thus we can expand our effective field theory in terms of v only.
We summarise the power counting as
• The standard QCD power counting rules for the QCD fields.
• The knowledge that when a derivative acts on the photon field, it gives a factor of | q γ | and when acting on the quark field a factor of p q ∼ mv (as the valence quark knows nothing of the photon momentum in the initial quarkonium rest frame).
Ordering the operators that induce a M1 (spin-flip) transition from NRQCD + NRQED, we find (to next-toleading order for our decay and borrowing notation from [34] )
T a are all pure QCD covariant derivatives, fields marked QED (QCD) are the QED (QCD) fields and ω i are the matching coefficients needed to reproduce full QCD+QED from our effective theory. Using the power counting rules above, we find
We can then factor out the photon and electric charge in order to derive the currents J k (q θ ; y, t) which give the decomposition of the matrix element in (1) . For example, the operator O F gives rise to the current
We then write all currents as
will be what enters the three-point correlator as in (12) . We use the terminology that the form factor coming from the current
where the tilde implies we have factored off the matching coefficient from the form factor in the numerical calculation and this should be applied later in the analysis. Similar notation is used for the other currents and we refer toṼ 
It should be noted that there are other currents (suppressed by v or α s ) that contribute to this decay and which might be of interest, notably, the QCD analogues of the O W 1 , O S , operators arising from choosing the electric (magnetic) fields in (16) to be gluon fields and the photon coming from the full SU (3) × U (1) covariant derivative. Other operators are those which only occur at loop level in the full QCD + QED theory. These can be written as
When attempting power counting on the QCD operators above, it is helpful to draw the Feynman diagram that such an operator would produce. Essentially, we need to contract the gluon field with another, producing another factor of gv 3 at least [14] . Consequently these operators are expected to be of order α s v 8 at most. We confirm numerically that the form factors from these QCD operators are suppressed as expected and they are negligible within the errors of our final results. Since ω W 2 , ω p p occur only at loop level they are suppressed by O(α s ) relative to O W 1 . We will introduce a systematic error for neglected currents in the final analysis.
A. Matching Coefficients for the Currents
The matching coefficients, ω i , appearing in the operators in (16) are needed to take into account the highenergy UV modes from processes in the full theory but not present in our effective field theory. They have the expansion 1 + ω
Here we compute the one loop correction to the coefficient ω F from the leading order current. Following this, we estimate the errors from neglecting corrections that we do not calculate.
Our calculation of the one-loop coefficient ω
F is very similar to the computation of the one-loop correction of c 4 in [20] . Following that analysis, by matching the current from NRQCD + NRQED to continuum QCD+QED, we find
where b (1) σ,QED = C F /2π is the coefficient of the first order correction to the quark's magnetic moment, computed analytically in continuum QCD following standard techniques. As b σ,QED is UV finite, this allows us to directly equate results obtained on the lattice to those obtained in the continuum, since the difference between the schemes for UV regulation is then irrelevant. In the general matching procedure the continuum and lattice IR divergences cancel in the computation of the radiative correction; here, because of the standard Ward Identity, the continuum and lattice contributions to ω
σ,QED are the renormalisation factors of the bare quark mass, the wavefunction and the current J F from (16) . These are calculated in lattice NRQCD. We automatically generate the Feynman rules for a specific NRQCD action (along with the Symanzik-improved gluonic action) using the HiPPy package, then compute the numerical evaluation of these diagrams using the HPsrc package [35, 36] . We use the full v 4 NRQCD Hamiltonian with spin dependent v 6 pieces as defined in (6). is identical to [20] . . We use the Landau mean link u (2) 0 = 0.750 [37] . For the action that we use, the tadpole correction is [20] 
The NRQCD diagrams contributing to Z N R, (1) σ,QED are shown in Figure 4 . Since we do not actually include the QED field in our calculation, there are no tadpole factors from this term. Note that Fig. 4(a) is generated by the current coming from ψ † σ · B QED ψ/2am b being inserted at the vertex, and Figs. 4(b) , 4(c) and 4(d) arise from mixing effects from the higher order currents (that we include in the calculation of the decay rate) from (16) . Computation of the Feynman diagrams shown in Figs. 4(b) , 4(c) and 4(d) is more involved than that of Fig. 4(a) , so they are not included in this calculation, but we plan on computing them in future work. For now, we will introduce a systematic error from neglecting these contributions.
A breakdown of the numerical values of the various terms that enter ω (1) F for the masses that we use in this calculation is shown in Table IV . ω 
σ,QED as described in the text. The cross inside a circle represents the JF current obtained from (16) , while the solid box represents the higher order currents from (16) and the exchange of a gluon is denoted by a curly line. 
2 + Z a range of masses (neglecting the mixing down) and we give these values in Table V .
We show the values of ω
F with a smooth interpolating curve in Figure 5 . This interpolating curve was chosen to be a polynomial in 1/am b in order to reproduce the static limit as m b → ∞. To fit these values easily we increased the errors on the points returned by HPsrc to 1%. We use a Bayesian fit to all points in Figure 5 against a polynomial in 1/am b . We found the smallest χ 2 /dof (dof ) = 0.7(9) and largest Gaussian Bayes Factor [24] when including all terms in the polynomial up to and including the quartic term. We used a prior for the constant piece as the polynomial of 0.4(2) and priors for the coefficients of the 1/(am b ) n pieces of 0(1).
B. Systematic Error from Current Matching Coefficients
We need to include a systematic error from not knowing the matching coefficients in the currents to infinite precision. There are two distinct types of errors in this case: the first is from neglecting the O(α F used in the calculation. We will estimate each of these in turn.
To estimate the effect of neglecting the higher order corrections that we have not calculated, it is helpful to compare our result to the pure NRQED calculation of [34] . There, the authors find that the continuum QED contribution to their ω (1) F is the anomalous magnetic mo- F with a smooth interpolating curve as described in the text. ment of the electron α/2π, while for us it is the anomalous magnetic moment of the quark C F α s /2π. For the NRQED contribution, they find no IR log nor a constant piece and in their continuum approach the UV power law divergences may be omitted. Although we find no IR log in our data, we cannot neglect the UV power law divergence associated with the momentum cutoff. This shows up as a polynomial in 1/am b as mentioned above. We observe that this lattice artefact contribution gives a negative contribution to the continuum value, as shown in Table IV , and for the am b range that we are interested in |α s ω (1) F | < C F α s /2π. As we are observing similar behaviour over this mass range as the pure NRQED calculation, we can use that calculation to estimate the error conservatively.
As shown in [34] and confirmed by the small values of our numerical data, the matching coefficients can actually be expanded in α s /π. In principle, the second order coefficient of ω F could be O(1), and then this contribution could be O(α 2 s /π 2 ). As such, we allow for an additive systematic error (assumed to be correlated across all ensembles) of 1 ± α 2 s /π 2 from not knowing higher order contributions to ω F .
We have not included the O(α s /π) contributions to the other matching coefficients in (16) , namely ω S , ω W 1 and ω S2 . A difficult calculation would be necessary to determine them. Again, we use the equivalent parameters from the pure NRQED calculation [34] to estimate the systematic error. The pure NRQED equivalent of ω W 1 21 |i, as described in Section V, from the lattice NRQCD data on the ensemble labeled set 1 in Table I . We also give elements of the correlation matrix. A value of a 2 q 2 = 0.0034(21) was found from the data. 21 |i from the ensemble labeled set 2 in Table I . A value of a 2 q 2 = 0.00338(92) was found from the data. has log contributions in its first order coefficient and so we allow for an additive correlated systematic error of 1 ± α s /π to the tree level value. We allow the same error on ω S2 . The one loop correction of the pure NRQED equivalent of ω S was found to be 2ω
(1) F = α/π. As such, we allow for an additive correlated systematic error on our ω S of 1 ± C F α s /π, to compensate for using the tree level value in the calculation of the decay rate. This is a conservative estimate as we see above that the lattice artefacts actually subtract away some of this contribution over the mass range we are interested in.
The mixing down effects from diagrams (b), (c) and (d) in Figure 4 are difficult to estimate since each graph by itself can be IR divergent but ω
F is IR finite. We allow an uncertainty of 30% in the one-loop coefficient (correlated across all lattice spacings) from neglecting the mixing down. There is no substitute for the actual calculation though, and we intend to do this in the future. Table I and their values  are given in Tables VI, VII Figure 6 . From this, we can see that the form factor from the current J F Table I . A value of a 2 q 2 = 0.00066(70) was found from the data. is leading order, and the other currents give a negative contribution to J F of approximately 30%, 20%, 3% for J W 1 , J S , J S1 respectively across all ensembles. Note that these values do not appear to obey the power counting for the currents given in Sec. IV; however, we understand (and explain below) that the leading-order contribution is suppressed for these hindered transitions. Similar behaviour was seen in previous lattice NRQCD studies of this decay [5, 6] . We also need to determine the sensitivity of our form factors to the different parameters used in our calculation and use this analysis to give a reliable error budget. This is easily done in lattice NRQCD, as we can simply change the value of a single parameter and rerun the whole calculation. The results are shown in Figure 7 , where we denote p as a parameter to vary (either c i or m b ) and use ∆ = p test −p O(αs) to signify an upwards/downwards shift from the O(α s ) correct value p O(αs) (am b is tuned fully nonperturbatively but we use am b = p O(αs) to avoid additional superfluous notation). The values of the changed parameters are given in Table XI .
From Figure 7 we can see that the form factor is most sensitive to the value of c 4 , while c 7 and m b are also important. We need to describe this sensitivity in order to give a reliable estimate on the error from not knowing each of these parameters to infinite precision. Interestingly, it is useful to note that the sensitivity to these parameters comes from the J F current, as shown in Figure 8 . We will use a simple potential model analysis to understand the deficiencies in the naive power counting, where these sensitivities arise from, and to gain insight Table I . A value of a 2 q 2 = −0.0021(6) was found from the data. Table I . Statistical error only ( ≈ 2−3% for each current).
into this hindered M1 decay.
A. Phenomenological Insight: Potential Model Analysis
In a potential model framework one would consider periodic harmonic time-dependent perturbations and find the matrix element as the overlap between the spatial part of the potential and the initial and final states under study. For an M1 decay, mediated by either of the constituent quarks' magnetic moment σ · B, one can find the matrix element as [38] (labeling the spatial part of the potential as J F , similar to the current we use in Section 
The variation of the form factor with the parameters used in this study. ∆ > 0 (∆ < 0) denotes an upwards (downwards) shift in the parameter as described in the text, and the values of the varied parameters can be found in Table  XI . The data for ∆ > 0 (∆ < 0) were generated on a subset of 400 configurations of the coarse lattice denoted Set 2 in Table  I . Statistical errors only.
IV to highlight comparisons)
with the integral expanded as
Here, we have factored the spin piece S f i in the matrix element from the radial integral (appropriate in the nonrelativistic limit) and used the Taylor expansion of j 0 (x) = sin(x)/x = n (−1) n x 2n /(2n + 1)! to see that it is a polynomial in |q γ | 2 . Additionally, the only scale in the wavefunctions capable of being combined with |q γ | 2 to make it dimensionless is some combination of the Bohr radii of each state, which we call r 0 . The a 2l are coefficients which could be calculated if wave-functions were supplied. The leading Kronecker δ-function in (20) comes from noting the orthogonality condition in the extreme nonrelativistic limit, |q γ | 2 → 0. As can be seen, for a nS → nS transition, the leading order term in (20) is one. However, for transitions between different radial excitations, the δ nm vanishes and we are left with a leading order |q γ | 2 r 2 0 term. The radii of the bottomonium states under study are of the order the reciprocal of the typical momentum, e.g, r 0 ∼ 1/mv. Thus, as
, the leading order matrix element from J F in a radially excited decay is suppressed by a factor of v 2 more than naively expected from using power-counting rules on the currents alone. This suppression leads to an array of sensitivities that make this decay particularly difficult to pin down theoretically from within a potential model [1] , as we will expand upon in Section VI.
Due to the derivatives in the other currents listed in (16), the matrix elements of these currents give rise to wavefunction overlaps that are not orthogonal in the extreme nonrelativistic limit, and as such are not more suppressed for radially excited transitions. The derivatives act on the initial bottomonium state and give a leading order p ∼ O(mv) effect, which does not depend on the photon momentum, as can be seen by taking the |q γ | → 0 limit. This results in the relativistic corrections to the leading order J F current, which we have included in our calculation, having appreciable effects (see Fig. 6 ), namely J W 1 , J S . The orthogonality of the radial wavefunction muddles up the power counting of the first few currents, but additional derivatives in relativistic corrections to these currents will suppress them further. By including the current J S2 , we check that added derivitives do suppress the contribution of the current further as expected.
By examining (20), we found that the leading order matrix element for the radially-excited radiative transition can be suppressed more than we would naively expect from just power-counting the current alone. Relativistic corrections to the J F current are then appreciable, explaining the behaviour seen in Figure 6 . Even if we included the relativistic corrections to the current in a potential model, we still would not get the correct value for this decay, as we also need to consider all relativistic corrections to the wavefunctions arising from perturbative potentials in the Hamiltonian. This gives rise to the sensitivities to the different parameters as seen in Figure  8 , which we explain below. To do so, it is sufficient to consider first order time-independent perturbation theory.
B. Sensitivity and Errors from Terms in the NRQCD Action
We want to consider potentials arising from relativistic corrections in the NRQCD action causing perturbations of the wavefunction. To first order in α s we have
. (21) The state |n (1) ( |n (0) ) is the first-order perturbed state (the unperturbed state), V nm = (0) n|V |m (0) with V being the potential representing the perturbation and
m . Now, we take currents of interest between these states to yield
As mentioned above, for the current J F , due to the fact that (0) η b (1S)|J F |Υ(2S) (0) is suppressed for radi- ally excited decays, the (0) η b (nS)|J F |Υ(nS) (0) pieces in the second term in (22) become appreciable. The matrix elements arising from currents with derivatives are already suppressed, and the first order corrections to these matrix elements are not appreciable, as seen in Figure 8 .
Sensitivity and Error from c4:
Including a potential from the exchange of a single gluon between two vertices involving the chromomagnetic operator as shown in Appendix C, we find
The reason for the sensitivity to c 4 is clear. The matrix
is suppressed due to the orthogonality of the radial wavefunctions in (20) ,
is not. This results in the second term in (23) being sizeable compared to the first.
Since we have values of the form factor at three values of c 4 on a coarse lattice as shown in Figure 8 , and an understanding that the functional dependence of the form factor on c 4 should beṼ Table XIII. We can also relate the second term from the leading order approximation in (23) to quantities that are measured in experiment and check the consistency of the value of b c4 given in Table XIII . By comparing the decay rate formulae from a potential model calculation [9] with the one given in (2), we find:
and then using this in (23) yields:
where ∆(iS) is the hyperfine splitting between i'th radial excitations. Using the values of c 4 , a and am b from set 2 in Table II , along with the PDG average [7] values for ∆(iS) and the spin averaged E 21 , we find b c4 = 0.105 (14) . This is consistent with the value of b c4 from Table XIII .
In Figure 9 , we show the strong c 4 dependence of V Since we only know c 4 to one loop in perturbation theory, there will be a systematic error associated with not knowing it to higher orders. With the above functional dependence ofṼ should be introduced from not knowing c 4 to second order. As there is little lattice spacing dependence in the unrenormalised form factors as shown in Figure 6 , we use the value of b c4 from Table XII across all ensembles and introduce an additive systematic error (correlated across lattice spacings) of 2α 2 s b c4 from not knowing c 4 to more than one loop. We also allow for the statistical error in the determination of c (1) 4 coming from the Vegas integration [20] by adding an error of 2α s δc
With the other currents that have derivatives, the situation is significantly different. Due to the derivatives, the second term in (22) is always suppressed and relativistic corrections are not an appreciable effect, as seen in Figure 8 . Variations of these currents with c 4 are not appreciable within the other errors.
Sensitivity and Error from c7:
The c 7 operator is a D 2 correction to the c 4 term and is expected to be a O(v 2 ) effect. We can proceed as before, assuming a linear functional dependence on c 7 as V Υη b 21 | F = a c7 + c 7 b c7 , coming from the exchange of a single gluon from a c 4 vertex and a c 7 vertex. Using our data points in Table XII , we find a c7 , b c7 listed in Table  XIII .
It is seen that b c7 gives a negative contribution as a consequence of the D 2 and the ratio b c7 /b c4 = −0.20 (18) 21 |F with a variation of certain parameters from the lattice NRQCD data on a coarse lattice (Set 2 in Table I ). Error is statistical only. 
Sensitivity and Error from c2:
From our numerical data, it appears as if the form factor is not sensitive to a variation in c 2 . We can understand this and use it in our analysis of the errors. In Appendix C we show how the the leading spin-independent perturbative potential from the exchange of a single gluon involving the Darwin term at one of the vertices [20] gives rise to a correction to the leading order matrix element that is O(α s v 2 ). Using the data in Table XII for To test the consistency of this description, by comparing the value b c4 associated with the second term in (23) and the second term in (C5) we see b c2 ≈ 3v 2 b c4 /8. Using the values in Table XIII gives 3v 2 b c4 /8 = 0.00311(49), consistent with b c2 = 0.001 (21) . Due to the smallness of this dependency, we can safely neglect the systematic error from not knowing c 2 to two loop order.
Sensitivity and Error from c3:
Since the bottomonium states under study have no orbital angular momentum, there is no sensitivity to c 3 arising from a spin-orbit perturbing potential. This is confirmed by the numerical data in Figure 7 . We introduce no error from c 3 .
Sensitivity and Error from Four-Quark Operators:
The four quark operators in NRQCD [13] are contact terms between the quark and anti-quark fields arising from α 2 s processes in relativistic QCD. These can have a noticable effect on the hyperfine splitting [16] . Since the matrix element in (23) is sensitive to parameters in much the same way as the hyperfine splitting, we would expect contributions from the four quark operators. In Appendix C, we show the effect of the four-quark potential on the matrix element to first order.
We introduce a systematic error (correlated across lattice sites) for neglecting these leading order four quark operators in our calculation. We estimate this by comparing the second term in (23) with the second term in (C7) to find an error 27b c4 (d 1 α s − d 2 α s )/16π and then use the values of d 1 α s − d 2 α s from [20] (as corrected per [39] ). The terms in the action that have not been considered are the O(v 2 ) corrections to the c 2 and c 7 terms. Since the coefficient b c2 is already quite small, the v 2 correction to this will be negligible within our numerical precision and can be neglected. The error from v 2 corrections to c 7 is estimated as v 2 b c7 = 2v 4 b c4 .
Total Error onṼ
Υη b
21 |F from Terms in the NRQCD Action:
After performing the final continuum and chiral extrapolation as shown in Section V D, we can obtain a breakdown of how each of the uncertainties arising from the NRQCD action effects the error inṼ Υη b 21 | F as a percentage of the error on the total form factor given in Table XIV . We find that the errors from the NRQCD action contribute to a 10.4% systematic error inṼ Υη b 21 | F as a percentage of the total error on the total form factor. In order of dominance, the most sizable of these errors is a 7.9% error from neglecting the O(α ) 4 while 3.9% comes from neglecting the one-loop correction to c 7 . These numbers should be added in quadrature and each is a percentage of the total error on the total form factor.
Note that due to the destructive interference between the leading order form factor,Ṽ is larger than the errors onṼ Υη b 21 | F alone. As a result, improvement of the errors coming from the NRQCD action has an appreciable effect.
Test of Uncertainties from the NRQCD Action:
To ensure that we have performed a reasonable estimation of the errors arising from the NRQCD action, we have also tuned c 4 against the Υ(1S) − η b (1S) hyperfine splitting on the coarse lattice denoted set 2 in Table  I . In a perturbative framework as described above, the hyperfine splitting can be pictured as a result of perturbative potentials shifting the unperturbed energies. The most sizable of these is the leading order c 2 4 potential, as described in Section V B 1, and then the four-quark potential, as described in Section V B 6. In a numerical calculation with no four-fermion operators, tuning the numerical hyperfine splitting against the experimental one would have the effect of absorbing the above fourfermion term (among others) into the tuned c 4 . Stated more concretely,
Then, putting c tuned 4 2 into (23) gives exactly the four fermion term which we need in (C7). As such, using c = 0.097 (14) . This includes all errors, and the only difference from the above error budget is that the error inṼ = 0.089 (22) . These are entirely consistent, giving evidence that our error budget is a reliable estimation of the errors.
The four-quark operators appear to increase the value of the form factor, in a similar way as they do for the hyperfine splitting. However, it was found that including the four-quark operators in the calculation of the hyperfine splitting largely changed the slope of the continuum extrapolation but did not shift the final result away from the value computed without the four-fermion operators included [16] .
Based on our analysis, we estimate that by tuning c 4 against the hyperfine splitting on all ensembles and redoing the full calculation, one could reduce the error oñ V Υη b 21 | F to ∼ 4%. Also, we estimate that such a calculation would give an error on the final form factor of ∼ 11% (compared against the value given in Table XIV) , where now the uncertainties in order of dominance are from the neglected currents, neglecting the mixing down in ω (1) F , and neglecting the one-loop correction to ω W 1 .
C. Errors from Missing Higher Order Currents
Since we are using an effective field theory to study this transition, there will be higher order currents which we have not included in this study but that contribute to the final form factor. The most sizable current which we have not included is the D 2 correction to J W 1 . Therefore, we include a systematic uncertainty (correlated across all lattice sites) of v
D. Full Error Budget
After the analysis performed in the previous sections, we are now in a position to give a full error budget for the form factor V Υη b 21 . To compare to experiment, we perform a simultaneous lattice spacing and sea quark mass extrapolation. We fit results from all ensembles to the 
relevant for the Υ(2S) → η b (1S)γ decay from Figure 10 . A discussion of the uncertainties inṼ 
The lattice spacing dependence is set by a scale Λ = 500 MeV, δx m = (am b − 2.7)/1.5 allows for a mild dependence on the effective theory cutoff am b , and δx l = (am l /am s ) − (am l /am s ) phys for each ensemble with (m l /m s ) phys = 27.4(1) is taken from lattice QCD [41] . We take a Gaussian prior on the leading order a 2 term to be 0.0(3), as the HISQ action is correct through O(α s a 2 ); a prior of 0.0(1.0) on the higher order a terms; a prior of 0.00(3) on l 1 allowing for a 3% shift if the light quarks were as heavy as the strange; a prior of 0.10(5) on V phys 6 . The extrapolation with all errors is shown in Figure 10 and a full error budget is shown in Table XIV .
By studying the error budget we see that the main sources of error are from the systematics inṼ Table XIV. 7% − 10% to 2% − 3% [20] , computation of the two-loop coefficient of α could be reduced to ∼ 11%.
After this, the main uncertainty comes from the missing currents. These could be included with more computational time if neccessary. While the statistical error on each current alone is around 3%, these statistical errors do not allow the correlations between the data points in the fit to constrain the final result as much as we would like, and the final error from statistics in the error budget is 5% as a result. Reducing the error from statistics is unlikely to have a sizable effect.
Based on our analysis, we estimate that by including the next order of relativistic corrections to the current, the mixing down in ω of 8% could be possible (compared against an error of 19% on the value inferred from experiment), where the uncertainties in order of dominance would be from the oneloop corrections to ω W 1 and ω S and the systematic error coming fromṼ
Our final answer for the form factor is:
Final values for the decay rate and branching fraction are given in Section VI.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have computed the hindered M1 Υ(2S) → η b (1S)γ decay rate using a lattice NRQCD formalism for the b-quark. We include several improvements on earlier exploratory work [5, 6] which are fundamental to obtaining an accurate value for this decay rate. The key improvements are: [42] [43] [44] [45] [46] and more information about these can be found in [1] . Using the pNRQCD decay rate [4] , combined with the experimental total width from the PDG average given in Section II, gives a branching fraction of 1.9
• Previous work only had one lattice spacing. We use five ensembles with a fully O(α s a 2 ) tadpoleimproved Lüscher-Weisz gluon action with HISQ u, d, s and c quarks in the sea, provided by the MILC collaboration. These ensembles each have ∼ 1000 configurations and one has physical light quark masses.
• We use three relativistic corrections to the leading order current as described in Section IV and we also test the sensitivities of the form factors from all these currents to the parameters in our action as shown in Figure 7 .
• We use O(α s ) correct values for the matching coefficients in the NRQCD action. We also take into account issues in tuning the b-quark mass as described in Section III B. As shown in Figure 7 , this decay is very sensitive to a subset of these parameters.
• We calculate the O(α s ) contribution to the matching coefficient of the leading order ψ † σ · B QED ψ/2m b current which mediates this decay, as described in Section IV A.
• While previous work extracted the matrix element by extrapolating/interpolating to the |q| phys point, which only gives the photon on-shell contribution q 2 = 0 if the hyperfine splitting is correct, we use twisted boundary conditions to extract the form factor relevant to this decay at the physical q 2 = 0 point.
In Section III E we performed an analysis of the energy eigenstates of NRQCD at non-zero momentum. This is necessary as the energy eigenstates of a rotationally invariant theory, like NRQCD, in an infinite volume continuum at non-zero momentum are classified by helicity, unlike in a Lorentz invariant theory where they are described by the standard angular momentum J. This has important consequences for a lattice NRQCD calculation as additional states appear in the spectrum at non-zero momentum (see Figure 1 ) and one has to be careful to ensure that the correct matrix elements are extracted from the correlator data.
In Section V, we show results for the four form factors from the currents listed in Section IV which when renormalised, summed and extrapolated to the continuum limit, can be compared to the form factor inferred from experimental data. We found that relativistic corrections to the leading order current gave a negative contribution causing destructive interference, that the power counting of the currents deviated from what one would naively expect in NRQCD, and that a range of sensitivities needed to be explained.
In Section V B, using a simple potential model, we explained that the matrix element of the leading order current was suppressed due to the orthogonality of the radial wavefunctions, and this causes the matrix element to become sensitive to a multitude of effects such as relativistic corrections to the leading order current, and certain parameters in the NRQCD action that give rise to perturbing potentials causing relativistic corrections to the wavefunctions, particularly those which effect the hyperfine splitting.
It has been suggested [5, 6] that the large changes experienced in going from an unimproved calculation to an improved calculation may mean that it would be beneficial to avoid nonrelativistic approximations. We come to a different conclusion and illustrate that although such a calculation is intrinsically difficult, NRQCD does indeed show that a systematic approach works while also giving insight into the process under study.
After performing the continuum and sea quark mass extrapolation, we obtain the form factor V Υη b 21 (0)| lat = 0.081 (13) , with a full error budget in Table XIV . This form factor can be combined with the experimental masses used in Section II to produce the decay rate: (28) which can be compared against the experimental decay rate Γ exp (Υ(2S) → η b (1S)γ) = 1.25(49) × 10 −2 keV [2, 7] . Using the experimental total width from the PDG average given in Section II with our decay rate gives a branching fraction of B(Υ(2S) → η b (1S)γ) = 5.4(1.8) × 10 −4 which can be compared against the BaBar result of 3.9(1.5) × 10 −4 [2] . A comparison of our calculation with potential model results including relativistic corrections [1] is shown in Figure 11 .
Potential model predictions of hindered M1 decay rates are known to be particularly difficult to pin down [38] and can mischaracterise the experimental data by an order of magnitude without relativistic corrections [8] . According to the Quarkonium Working Group reviews [8, 38] , sources of uncertainty that contribute to making such decays complicated to calculate include the form of the long range potential chosen, and the results depending explicitly on the quark mass and the perturbative potential chosen. Without relativistic corrections, the branching fraction of the Υ(2S) → η(1S)γ decay from potential model predictions ranges from (0.67 − 11.0) × 10 −4 [1] . Due to the suppression mentioned above, the value of the decay rate is very dependent on good knowledge of the relativistic corrections [1] . Including relativistic corrections, potential model predictions for the same branching fraction have a wider range (0.05 − 15.0) × 10 −4 , showing indeed that the decay rates may be sensitive to small details of the potential [1] .
The Υ(2S) → η b (1S)γ decay is sensitive to many of the same effects as the hyperfine splitting and an accurate calculation of this decay relies on having the correct hyperfine splitting. Given the large range of estimates of the hyperfine splitting from potential model predictions (46 − 87 MeV [38] ), we should not be surprised that the potential model estimates for this decay rate also have a large range.
Additionally, radiative transitions between bottomonium states provide a search for new-physics effects, seperate from the weak-sector searches common in the literature [47] . For example, the hyperfine splitting between the Υ(1S) and η b (1S) has been an important quantity in bottomonium physics, being historically difficult for both experimentalists and theorists to predict reliably. Using hindered M1 decays, the BaBar [2, 48] and CLEO [49] experiments inferred this hyperfine splitting to be ∆ has a 3.2σ tension with being zero.
It has been suggested that the tension of ∆ exp.
E1 and theory [16] with ∆ exp.
M1 could, if it persists, indicate a hint at new physics [52, 53] . For example, in a multiple-Higgs extension to the standard model, one would speculate that the η exp. b seen in experiments is actually an admixture of the true η b and a CP-odd Higgs boson with mass ranging from 9.4 − 10.5 GeV. A relatively light CP-odd Higgs scalar can appear in non-minimal supersymmetric extensions of the standard model, such as the next-tominimal supersymmetric standard model [53] . In such cases, the measured decay rate for Υ(2S) → η b (1S)γ would likely differ from the Standard Model prediction. As stated above, this decay is sensitive in much the same way as the hyperfine splitting. To observe a similar tension between theory and experiment here as that existing between ∆ exp. E1
and ∆ exp.
M1 would require a 5% uncertainty on the form factor (∼ 10% on the decay rate). The error on the lattice form factor could be reduced to ∼ 8% (as discussed in Section V D) if more precise experimental results became available. Any hint of new physics arising from a deviation between the experimental Υ(2S) → η b (1S)γ decay rate and theory could then be explored more concretely. Additionally, the η b (2S) → Υ(1S)γ decay is an alternative approach to studying such effects and a study of this decay rate is already underway.
E1 radiative decays are more easily computed than hindered M1 decays, and so the E1 decay rates h b (1P ) → η b (1S)γ and h b (2P ) → η b (1S)γ could be calculated within this NRQCD framework. Additionally, E1 currents can be readily renormalised nonperturbatively. Combined with the experimental branching fraction of these decays [51] , this could give a prediction of the total width of the h b (1P ) and h b (2P ).
continuum, e.g.,
and we refer the reader to Ref. [26] for further details. For quarkonium, the possibile values of λ = {0 + , 0 − , |1|, |2|, . . .}, where the +/− on the λ = 0 represent theΠ symmetry with eigenvalueη ≡ P (−1)
J [26] . Using the fact that the Wigner-D matrices with J = 0 are δ λM , the O 
As can be seen, O contributes to each λ, and how do we parameterise the amplitudes? By noticing that the helicityλ = J z when the momentum is projected onto the z-axis, all states with J ≥ λ will have a J z large enough to give a contribution to this helicity state (see Table III ).
We also want to know how to quantify the amplitudes. In a rotationally invariant theory, the invariant quantities are δ ij and ε ijk . For a J P state, we also have the momentum p i J and the symmetric polarisation tensor i1,...,i J . We can use these to parameterise the amplitudes relevant for a rotationally invariant theory. For the operator O γ i , Table XI in [26] has the possible decompositions and we reproduce the parameterisations for the O γ 5 operator which are important for our calculation
where n is the radial label. Using the overlap for the 1 ++ from (A4) to parameterise the continuum two-point correlator with nonzero momentum, one finds that the amplitudes from our fit with local smearing should be suppressed by |p|/m 1 ++ relative to states which overlap with the operator at zero momentum. For the momentum that we use in our calculation, this factor is around 7%, and we observe that in our correlator data, the amplitudes for the states which do not overlap at zero momentum (and for which we get a signal) such as the 1 ++ , are suppressed by this factor while the other amplitudes are O(1). We observe that as the momentum increases, so does the value of the amplitude at fixed lattice spacing.
Additionally, the symmetry group giving rise to the invariants which classify states, e.g., the little group, is broken by a finite volume lattice to a reduced symmetry group [55] . At zero momentum with a cubic lattice, this reduced symmetry group for quarkonia is the octahedral group, O h . States are now classified in terms of irreps of O h , denoted Λ P C , where [56] shows how to subduce operators with continuum spin J P C to operators with definite Λ P C on the lattice. As mentioned above, in an infinite-volume continuum theory, the O However we do not see this mixing: rotational symmetry breaking is found to be weakly broken with a fine lattice and with a rotationally invariant smearing for a particular lattice setup [56] , where the spectrum and overlaps were compatible with an effective restoration of rotational symmetry. For this reason, we choose to use a rotationally invariant smearing, an isotropic lattice and have discretisation improvements in our action. Secondly, the masses of the additional states are too large to be seen in the first few energy levels which we are interested in. As such, they will only potentially contribute as additional discretisation effects in the lowest energy modes. Indeed, studies of the spectrum from NRQCD by the HPQCD collaboration indicate this to be the case (see Appendix C of [13] ).
For the nonzero momentum case, the reduced little group actually depends on the type of momenta. This is due to the fact that a general integer-valued momentum on the lattice cannot be rotated into the z-axis like in an infinite volume continuum, 10 e.g. there is no octahedral transformation which rotates (0, 1, 1) to the zaxis. We use an isotropic momentum (rather than an on-axis momentum) as it has been shown to break rotational invariance less and lead to smaller discretisation effects [13] . For our isotropic momentum, the reduced little group is Dic 3 [26] . The operator O ±+ , 4 ±+ states (and higher spin). As in the zero-momentum case, this mixing due to the lattice was found to be negligible with a fine lattice and a rotationally invariant smearing for a particular setup [26] . These states should be of higher energy than the first few states in our spectrum, and we see no evidence of them in our low lying spectrum. For the O γ i operator, there can be mixing with λ = 2 (2 ≤ J with J z = 2 states) which is not important for our analysis.
There is an important distinction to be understood from using a rotationally invariant formalism for the quark versus a Lorentz-invariant one. If each of these formalisms is discretised, then at fixed nonzero momentum, the discretised version of the Lorentz-invariant theory might be broken to a rotationally invariant theory, e.g., by using an anisotropic lattice spacing in the time direction. As such, as the infinite volume continuum limit is taken, any overlap onto J P C as a result of helicity eigenstates (such as the 1 ++ from the O γ 5 operator) would disappear [57] . However, in a rotationally invariant theory like NRQCD, as the lattice spacing is taken to zero, these overlaps are still present as they are an infinite volume continuum effect. This is why we find a similar signal across all lattice spacings for these states in NRQCD.
Appendix B: Twisted Correlators with Derivative Operators
For clarity, we will describe the construction of the twisted correlators with derivative operators in this section. To gain access to arbitrary momenta on the lattice, one can define a quark field [22, 23] that satisfies θBC viaψ θ (x + e i L) = e i2πχiψθ (x), where θ i = 2πχ i /L. Now the available momentum space isΛ = {k = p + θ|k i = 2π(n i + χ i )/L, where n i ∈ Z}. Notice that the available momentum space has an arbitary shifted value θ that we can choose to give the physical point q 2 = 0. One now builds interpolating operators from these θBC fields as O(x; θ 2 θ 1 ) =ψ θ2 (x)Γψ θ1 (x), which gives rise to the two-point correlator C 2pt (θ 1 − θ 2 + p, t) = θ (x)D θ (x, y)ψ θ (y). As a consequence ofψ θ satisfying θBC, the Dirac matrixD θ (x, y) also satisfies the same boundary conditions. This is an inconvenience as typical inverters are built with PBC. However, it is possible to use a trick in order to use the PBC invertors yet still get access to the θBC correlator data in (B1).
To do this, one notices that a second quark field, defined via the scaling ψ θ (x) = e −2πiθ·x/Lψθ (x), satisfies PBC yet still includes information on the twist. Sincẽ S θ (x|y) = e iθ·(x−y) S θ (x|y) (B2) S θ (x|y) is a quark propagator found by inverting the Dirac matrix, D θ (x, y), where D θ (x, y) = e −iθ·xDθ (x, y)e iθ·y . D θ (x|y) satisfies PBC by construction and the two exponentials only alter the derivative in the Dirac action and can be implemented by scaling the gluonic fields (before inverting) as U µ (x) → U θ µ (x) = e i2π/Lθµ U µ (x) with θ µ = (0, θ) [22] . The final step is to rewrite the twisted correlator in (B1) in terms of the propagator we actually compute using (B2) C 2pt (θ 1 − θ 2 + p, t) = x e −i(θ1−θ2+p)·x × Tr Γ i e −iθ2·x S θ2 (0, 0|x, t) (Γ f e iθ1·x S θ1 (x, t|0, 0) .
If Γ = ∇, then C 2pt (θ 1 − θ 2 + p, t) = x e −ip·x Tr e iθ2·x ∇ k e −iθ2·x S θ2 (0, 0|x, t) e −iθ1·x ∇ k e iθ1·x S θ1 (x, t|0, 0) .
This can be implemented in the same way as the twist in the Dirac invertor, by using U θ µ (x) in the construction of the covariant derivative operator. This "changing the derivatives" issue does not occur in our two-point correlators, but does occur in the (more complicated) three point correlators with currents J W 1 , J S , J S1 from (16) . To give an explicit example of the three point correlator using the current J W 1 , by keeping the initial state at rest, and twisting only one propagator in the final state with θ f , we have 
where we can clearly see that D 2 does not commute with e −iθ f ·y , but not all derivatives are twisted due to the commutation. Since there are no derivatives in the J F current, the θ f terms cancel and this issue is avoided. Smearing the twisted fields leads to a similar issue as presented above with the derivative, and so we do not smear the twisted fields. Analogous complications arise when using point-split operators with twisted momentum in staggered quark formalisms [58] . If done correctly, and any smearings are applied appropriately, the correlator data from using θBC and PBC should agree on a configuration basis to machine precision (if the total momentum is identical for all states).
Appendix C: Error Analysis Using a Simple Potential Model
First, we want to find the sensitivity of the matrix element to c 4 using a potential from the exchange of a single gluon between two vertices involving the chromomagentic operator [20] . We find (assuming the wavefunctions at the origin for the η b and Υ are the same) 
Putting this back into (22) with the J F current yields: as the unperturbated Hamiltonian has no spin terms. We have neglected the Υ(pS) → η b (1S) transitions for p ≥ 2 in the sum due to the fact that the radial overlap, (20) , is suppressed by at least O(v 2 ). In fact, they will be suppressed more due to the radial difference getting larger and the wavefunction at the origin getting smaller for higher radial excitations. Eqn. (23) can be found straightforwardly by factoring the spin part of the matrix element from the radial part, i.e., using (20) .
If we now consider a potential from the exchange of a single gluon involving the Darwin term at one of the vertices, we find [20] 
Then substituting this back into (22) we find: Using (20), we see the leading order terms in the second piece of (C5) cancel and we are left with O(α s v 2 ) corrections to the unperturbed matrix element.
The four quark potential is (assuming the wavefunctions at the origin of the two states are the same) [20] 
Putting this into (22) and performing an identical analysis as done above gives 
The error in the last line was introduced by expanding out the radial overlap (20) and noting that the two matrix elements do not have to be identical to first order in |q γ | 2 . Even if we did include the four fermion operators in the calculation, since only the combination d 1 − d 2 is currently known perturbatively, and not d 1 and d 2 individually, we would still need to introduce the O(v 2 ) error in our calculation.
